In the design of unbonded partially prestressed concrete (UPPC) members, it is necessary to estimate the stresses in steel and concrete in order to satisfy the requirements of the serviceability limit state. A numerical method has been developed to predict the response of UPPC beams under service load, and the results agree well with experimental results reported in the technical literature. A parametric study has been undertaken to evaluate the variation of stress in prestressed steel under service load as well as the ratio of length of equivalent deformation region to the neutral axis depth at critical section. Results show that this ratio is not sensitive to the variation of the combined reinforcement index. From the moment of application of load to the cracking of the beam, and until the yielding of nonprestressed steel, this ratio is fairly stable and it can be taken as a constant. With the determination of this ratio, an approximate cubic equation similar to that used for cracked section analysis of bonded partially prestressed members is established. Predictions of stresses under service load are in good agreement with available test data.
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In the design of unbonded partially prestressed concrete (UPPC) members, it is necessary to estimate the stresses in steel and concrete in order to satisfy the requirements of the serviceability limit state. A numerical method has been developed to predict the response of UPPC beams under service load, and the results agree well with experimental results reported in the technical literature. A parametric study has been undertaken to evaluate the variation of stress in prestressed steel under service load as well as the ratio of length of equivalent deformation region to the neutral axis depth at critical section. Results show that this ratio is not sensitive to the variation of the combined reinforcement index. From the moment of application of load to the cracking of the beam, and until the yielding of nonprestressed steel, this ratio is fairly stable and it can be taken as a constant. With the determination of this ratio, an approximate cubic equation similar to that used for cracked section analysis of bonded partially prestressed members is established. Predictions of stresses under service load are in good agreement with available test data.
Notation
A p , A s cross-sectional areas of prestressed and non-prestressed steel respectively A 0 , A 0k transformed sectional area and that of element k respectively b, b w widths of flange and web respectively c neutral axis depth at critical section c i k neutral axis depth in element k at loading step i C 1 , C 2 concrete compression in flange outside web and web respectively d p , d s depths to centroid of prestressed and nonprestressed steel respectively E c modulus of elasticity of concrete E p , E s moduli of elasticity of prestressed and non-prestressed steel respectively e, e k eccentricity of prestressed steel with respect to centroid of transformed section and that in element k respectively e 0 distance between decompression F and resultant force R (¼ M/R) F decompression f c concrete stress in top fibre under service load f 9 c cylinder compressive strength of concrete f p stress in prestressed steel under service load f pe effective prestress in prestressed tendon f pe (i) stress in prestressed steel at loading step i f ps ultimate stress in prestressed steel at failure of member f py , f pu yield and ultimate stresses of prestressed steel respectivelỹ f p increase in tendon stress f r modulus of rupture of concrete f s stress in non-prestressed steel under service load f y yield stress of non-prestressed steel h, h f height of cross-section and thickness of flange respectively h 1 , h 2 distances from action line of C 1 and C 2 to the top fibre respectively I 0 , I 0k transformed sectional moment of inertia and that of element k respectively I cr moment of inertia of cracked section I g gross moment of inertia of section L distance between end anchorages L 0 distance between two point loads L e length of equivalent deformation region L n span length of beam concrete strains in the bottom and top fibres of element k at loading step i å p , å s strains in prestressed and non-prestressed steel respectively å pe effective prestrain of prestressing tendons å pu ultimate strain of prestressed steel º, º i ratio of length of equivalent deformation region L e to the neutral axis depth c at critical section, and that at loading step i respectively º av average of all º i obtained at each loading step from the cracking of the beam to the yielding of non-prestressed steel º 10 ratio of length of equivalent deformation region L e to the neutral axis depth c at critical section for members with spandepth ratio equal to 10 ó c stress of concrete ó ps , ó s stresses of prestressed and non-prestressed steel respectively Ù, Ù cr bond reduction coefficient at uncracked and cracked states respectively
Introduction
Partial prestressing as defined by the Joint ACI-ASCE Committee 423 1 is 'an approach in design and construction in which prestressed reinforcement or a combination of prestressed and non-prestressed reinforcement is used such that tension and cracking in concrete due to flexure are allowed under service dead and live loads, while serviceability and strength requirements are satisfied.' Compared with fully prestressed concrete structures, adoption of partial prestressing may result in increased ductility and energy absorption capability, improved economy, as well as reduction of the camber and creep deformation due to prestress. The use of unbonded tendons not only leads to economical and simple designs, but also enables fast installation and easy replacement of defective tendons. The unbonded tendons can also provide an economic solution for strengthening and repairing existing structures.
Tests have shown that fully prestressed concrete beams with unbonded tendons and without non-prestressed steel behave as shallow tied arches after cracking rather than as flexural members. As the load increases, only one or two wide cracks develop and propagate towards the compression zone of the members, and the failure of specimen is brittle. However unbonded partially prestressed concrete (UPPC) beams normally develop cracks well distributed along their span under loading because of the presence of non-prestressed steel. The crack widths increase steadily as the load increases. The specimens behave as flexural members under overloads, rather than as tied arches. Therefore in practical use, unbonded prestressed concrete members usually contain some non-prestressed steel.
2-6
Previous studies of unbonded prestressed and partially prestressed concrete members have mainly been on the ultimate limit state in bending, but very few have addressed the behaviour at service load conditions. 7 As pointed out by Nilson for bonded partially prestressed concrete members, 8 evaluation of the service stresses in UPPC members is also necessary for evaluation of stress compliance, crack widths, elastic and creep deflections, and fatigue effects at service load. This paper describes a method for evaluation of service load stresses at cracked sections in UPPC members. A parametric study is also undertaken to evaluate the variation of stress in prestressed steel under service loads. The predicted responses are compared with available experimental results. To consider the influence of the relative slip between the unbonded tendon and its surrounding concrete under service load, the ratio of the length of equivalent deformation region to the neutral axis depth is studied. With the determination of this ratio, a cubic equation similar to that used for cracked section analysis of bonded partially prestressed members is established.
range. The formula was developed using the basic theory of flexure to obtain the equation for the elastic curve, and numerical integration to obtain the curve lengths. Using the calculated results of the increase in tendon strain for various span lengths, eccentricities and maximum deflections, a regression equation was developed, which predicted the increase in tendon strains as a function of the span-eccentricity and eccentricity-maximum deflection ratios.
Naaman and Alkhairi 10 later proposed a method for analysis of unbonded prestressed concrete members under service load using the bond reduction coefficient. The approach was essentially to reduce the beams with unbonded tendons to the equivalent case with bonded tendons through the use of a bond reduction coefficient. Thus the previous analytical solutions for beams prestressed or partially prestressed with bonded tendons could be used. The computation of bond reduction coefficients Ù before cracking from basic principles of mechanics is simple. Exact values of Ù derived 10 for simply supported beams with different tendon profiles and different types of load applications are summarised in Table 1 . However, the computation of 'exact' bond reduction coefficient Ù cr in the cracked state for different types of loading and tendon profiles is a very difficult analytical task, and can be regarded as virtually impossible. 5 For a simply supported beam with two symmetrically disposed point loads separated by a distance L 0 , the following approximate expression of Ù cr was derived by Harajli and Kanj
where the bond reduction coefficient Ù before cracking is given in Table 1 , M is the total applied moment, M cr is the cracking moment, I cr is the moment of inertia of the cracked section, I g is the gross section moment of inertia, and L is the distance between the end anchorages. Harajli and Kanj 4 analysed the variation of Ù cr versus M=M cr for beams with straight tendons for different ranges of I cr =I g , observed that Ù cr did not differ significantly from its value before cracking, and assumed Ù cr ¼ Ù for practical analysis of the cracked section. On the other hand, Naaman and Alkhairi 10 suggested the following equation for Ù cr
Obviously the major problem here lies in the estimation of the value of Ù cr . Note that the neutral axis location for cracked prestressed concrete beams depends not only on the geometry of the cross-section and the material properties, but also on the prestressing force and the external loading. Therefore the exact value of I cr in equations (1) and (2) is not known until the cracked section is analysed.
To account for the relative slip between the unbonded tendons and the surrounding concrete, and for the determination of ultimate tendon stress at flexural failure, Pannell 11 introduced the coefficient º, which is the ratio of length of equivalent deformation region L e to the neutral axis depth c at the critical section. He found that º was a constant value for unbonded prestressed concrete beams even for different span-depth ratios and suggested taking º as 10 for design purposes. Pannell's method subsequently formed the basis of the British Code BS 8110 12 and the Canadian Code A23 . 3-94 13 for determination of the stress of an unbonded tendon at ultimate. After analysis of available test results obtained by different investigators, Au and Du 14 concluded that Pannell's coefficient º could indeed be taken as a constant for unbonded prestressed concrete members at ultimate. This paper attempts to extend the use of coefficient º to the cracked section analysis of UPPC members under service load.
Formulation of the problem
It is assumed that the increase in tendon elongation between end anchorages and therefore the corresponding tendon stress increment is mainly due to the deformation within the equivalent deformation region of length L e ¼ º 3 c. Consider a simply supported beam with cross-section as shown in Fig. 1 (a) with flange width b, web width b w , height of section h and thickness of flange h f . The prestressed steel of crosssectional area A p and modulus of elasticity E p is provided at a depth of d p . The non-prestressed steel of cross-sectional area A s , modulus of elasticity E s and yield stress f y is provided at a depth of d s . Under the 
Third-point load and harped tendons Ù ¼ 23=54 þ (13=54)(e s =e c ) Central-point load and straight tendons
Central-point load and parabolic tendons
Central-point load and harped tendons
Notes: e s is eccentricity at end supports; e c is eccentricity at midspan; positive below neutral axis. action of a total applied moment M, the strain distribution across the depth of the critical section is shown in Fig. 1(b) . Let˜å be the 'fictitious' increase in strain above decompressive strain in concrete at the level of prestressed steel, å pe be the effective prestrain of the prestressed steel, å ce be the precompressive strain in concrete at the level of prestressed steel, and å c be the concrete compressive strain in the top fibre. Therefore the increase in strain˜å p in prestressed steel can be worked out through the 'fictitious' strain increment˜å as˜å
where L is the distance between end anchorages. Noting that L e ¼ º 3 c, the strain å p in prestressed steel under service load can be written as
The unbonded prestressing tendons usually remain elastic and therefore the stress in prestressed steel, f p , can be expressed in terms of the modulus of elasticity of prestressed steel, E p , and the effective prestress, f pe , as
Generally the value of å ce is negligible compared to the other terms. Thus neglecting å ce , equation (5) can be written in terms of the stress increment˜f p caused by external loading as
from which º can be solved as
For the beam with cross-section shown in Fig. 1(a) , the tension carried by the unbonded tendons T p and that by the non-prestressed steel T s are respectively
Under service loading when concrete still remains elastic, the compression carried by the flange outside the web C 1 and that by the web C 2 are respectively
where E c is the modulus of elasticity of concrete and f c is the concrete stress in the top fibre.
The distances h 1 and h 2 from the action lines of C 1 and C 2 to the top fibre are respectively
The equilibrium equations of force and moment can be written as
For test specimens, the total applied moment M and stress in unbonded tendons f p are known or measured values. Substituting equations (8)-(13) into equation (14) results in a set of two simultaneous equations with only two unknowns, namely the neutral axis depth c and the concrete strain å c in the top fibre. Once they are solved, the value of º can be obtained from equation (7). The variation of º can therefore be studied in detail.
Numerical analysis of coefficient º
The numerical analysis of coefficient º is based on the incremental deformation method to evaluate the non-linear response of concrete flexural members. 15, 16 Using the stress-strain curves of the constituent materials, an iteration procedure is followed to satisfy compatibility and equilibrium at every loading step in the response history of the member. The present study concentrates on the variation of tendon stress as well as the coefficient º under service load.
The following assumptions are adopted in the analysis: (a) plane sections remain plane after bending; (b) the constitutive relations for prestressed steel, nonprestressed steel and concrete are known; (c) the postcracking tensile strength of concrete is negligible; (d) the friction along the unbonded tendons is negligible; (e) the member has adequate shear strength to prevent premature shear failure. The ultimate flexural moment is reached either when the moment capacity shows a drop in the loading history analysis, or when the concrete compressive strain in the top fibre of the critical section reaches 0 . 003. As usual, compressive stresses and strains in concrete are taken as positive and vice versa. For steel, tensile stresses and strains are taken as positive and vice versa. Downward eccentricities of tendons are taken as positive.
The stress-strain relationship for unconfined concrete in compression proposed by Hognestad, 17 
where f 9 c is the cylinder strength of concrete and the ultimate concrete compressive strain in the top fibre is taken as å cu ¼ 0 : 003. The stress-strain relationship for concrete in tension is assumed to be linear with a slope equal to the elastic modulus in compression at zero stress. The contribution from concrete in tension after cracking is ignored.
The non-prestressed steel is assumed to be elasticperfectly plastic, and the stress ó s is related to the strain å s as
The stress-strain formula for prestressed steel proposed by Menegotto and Pinto 18 was shown by Naaman 19 to be realistic, and it is adopted here. The stress ó ps is related to the strain å p by
where f py is the yield stress of prestressed steel; f pu and å pu are the ultimate stress and strain of prestressed steel, respectively; and N, K and Q are empirical parameters whose values are respectively 7 . 344, 1 . 0618 and 0 . 01174 for 7-wire strands of Grade 270 with ultimate tensile strength of 1863 MPa.
In the numerical analysis, the UPPC member is divided into m beam elements (k ¼ 1, 2, . . . m) with the control element (k ¼ 1) located at the critical section. For example, in a simply supported beam with a central-point load, the control element is located at the centre and it is only necessary to consider one half because of symmetry. The concrete strain in the top fibre of the control element is increased in increments to simulate the applied loading. After each increment in concrete strain in the control element, a three-level iteration procedure is carried out to ensure (a) the equilibrium of forces across the depth of all beam elements, (b) the equilibrium between the applied load and the bending moment at each element, and (c) compatibility of the average strain and elongation between the anchorages of the unbonded tendons. Fig. 2 shows a summary of the algorithm particularly in respect of the convergence criterion (c) above. The convergence criteria (a) and (b) can be satisfied at the section considered as follows.
In the first loading step (i ¼ 1), the control element (k ¼ 1) is loaded to its cracking moment M 1,cr given by
with the concrete strain å t,1 1 in the top fibre being where P 0 is the effective prestressing force before loading; f r is the modulus of rupture of concrete; e 1 is the eccentricity of prestressed steel with respect to the centroid of the transformed section of the control element; A 01 and I 01 are respectively the area and moment of inertia of the transformed section of the control element; y b 1 and y t 1 are the distances from the centroidal axis to the bottom and top fibres of the transformed section of the control element, respectively. In the subsequent analysis, the increment of concrete strain in the top fibre of the control element after cracking is set to any small arbitrary value such as 0 . 0001. Note that the control element should remain cracked hereafter. With the concrete strain in the top fibre known, the neutral axis depth c 
where P i is the effective prestressing force at step i; e k is the eccentricity of prestressed steel with respect to the centroid of the transformed section of element k; A 0k and I 0k are respectively the area and moment of inertia of the transformed section of element k; and y Once the tendon stress f pe (i) at loading step i is available, the coefficient º i at loading step i can be worked out similar to equation (7) as
Verification of numerical analysis
When a UPPC beam is loaded, the load-deflection curve normally exhibits three stages as shown in Fig. 3 , namely (a) elastic, (b) cracked-elastic and (c) plastic. The transition from the first to the second stage is caused by the development of cracks at the bottom of the beam, while the transition from the second to the third stage is caused by yielding of the non-prestressed steel. The numerical results are then verified by comparison with available experimental results.
In the experiment by Du and Tao, 2 22 UPPC beams were tested to investigate the ultimate tendon stress at different levels of reinforcement. All the test beams were 160 3 280 mm (6 . 4 3 11 in) in cross-section and 4400 mm (173 . 2 in) in length, and were tested with third-point loading over a span L n of 4200 mm (165 . 4 in). The span-depth ratio L n /d p was 19 . 1. The beams were divided into three categories and each beam was designed for the non-prestressed steel to carry about 30%, 50% and 70% of the total ultimate load. The reinforcement was characterised by the combined reinforcement index q 0 defined as
The index q 0 fell into three categories: low (beam A-1, q 0 , 0 . 15), medium (beam A-2, 0 . 15 , q 0 , 0 . 25) and high (beam A-3, q 0 . 0 . 25). The numerical and experimental load-deflection curves for three representative beams are plotted in Fig. 4 , and they are staggered horizontally for clarity. Similarly, the increase in tendon stress˜f p is plotted against the mid-span deflection for each beam in Fig. 5 . It can be seen that the numerical results agree well with the experimental results, showing the three stages clearly. For beams with low and medium levels of combined reinforcement index q 0 , Fig. 5 shows initial straight segments gradually becoming curved with significant deformation in the prestressed steel. However, for the beam with high combined reinforcement index q 0 , the increase in tendon stress remains linear with mid-span deflection until its failure.
In the study by Campbell and Chouinard, 3 six UPPC beams with section of 160 3 280 mm (6 . 4 3 11 in) and overall length of 3600 mm (141 . 7 in) were tested under third-point loading. The span length was 3300 mm (129 . 9 in), and the span-depth ratio was 15. The study focused on the influence of non-prestressed steel on the strength of UPPC members. Table 2 shows the experimental and computed results of ultimate tendon stress f ps and ultimate flexural moment M u . Very good agreement is observed for the six beams tested. The ratio of the measured to computed values of ultimate tendon stress has a mean value of 0 . 993 and a standard deviation of 0 . 026. In the case of ultimate flexural strength, the mean value of the ratio is 1 . 053 and the standard deviation is 0 . 053.
Parametric study
In order to pave the way for a simplified design method, a parametric study is conducted on simply supported UPPC beams with section details as shown in Fig. 6 . The amounts of prestressed and nonprestressed steel are so provided that
Emphasis is placed on parameters that may influence the increase in tendon stress f p before the yielding of non-prestressed steel and the coefficient º under service load as defined previously. These parameters include the span-depth ratio L n /d p , combined reinforcement index q 0 and type of loading. In the parametric study, three different span-depth ratios point loading and uniform loading. In this study, the increase in tendon stress under service load˜f p refers to the stress variation from the stage of no loading to that when the non-prestressed steel begins to yield. The average value º av of the coefficient º is defined as that within the cracked-elastic stage shown in Fig. 3 -that is, the average of all values of º i obtained at each loading step from the cracking of the beam to the yielding of non-prestressed steel. Numerical analysis indicates that under service load, all else being equal, the span-depth ratio has no significant effect on the increase in tendon stress˜f p before the yielding of non-prestressed steel as shown in Table 3 . However Table 4 shows that the average coefficient º av is roughly proportional to the span-depth ratio of the member. Fig. 7 shows the variation of increase in tendon stress˜f p before the yielding of non-prestressed steel with the combined reinforcement index q 0 and loading type. It is observed that significantly lower values of˜f p are predicted for the case of central-point load, and so are the values of º av as listed in Table 4 . On the other hand, the results of˜f p and º av for third-point loading are close to those for uniform loading. These phenomena are caused by the smaller length of equivalent deformation region L e for the case of central-point load. Fig. 7 also shows that increase in tendon stress˜f p before the yielding of non-prestressed steel increases with the combined reinforcement index q 0 . This is because with the increase in steel content, a larger applied moment is necessary to cause yielding in the non-prestressed steel. However it should be noted that, under the same applied loading and therefore moment, the increase in tendon stress should decrease with the increase of q 0 . On the other hand, there are variations in º av with the combined reinforcement index q 0 as shown in Table 4 but they are secondary in nature. The proportion of prestressed steel A p f pe= A p f pe þ A s f y À Á has been varied from 0 . 3 to Fig. 7 . Variation of increase in tendon stress with combined reinforcement index and loading type 0 . 7 while keeping the index q 0 unchanged, but the corresponding values of º av are reasonably stable.
Proposed design method for calculation of service stresses
A simplified design method for calculation of service stresses before the yielding of non-prestressed steel is then proposed. It is observed from the numerical analysis that, for a given beam, the variation of º is not large before the yielding of non-prestressed steel, as can be seen in Fig. 8 for a beam with span-depth ratio of 10 and q 0 of 0 . 2. Fig. 8 shows that after the yielding of non-prestressed steel, the value of º for the beams loaded with central-point load or uniform load decreases with the increase of concrete compressive strain in the top fibre. However it has no effect on the calculation of service stresses, which is the main concern of the present paper. The major factors governing the magnitude of º av are the span-depth ratio and loading type, while the combined reinforcement index q 0 has much less effect. Noting that the value of º av is roughly proportional to the span-depth ratio and taking members with span-depth ratio L n /d p of 10 as reference, it is reasonable in practical analysis of UPPC beams under service load to take º as
for which it is reasonable to take º 10 ¼ 5 for centralpoint load and º 10 ¼ 10 for third-point loading and uniform load. Once º is determined, the stress analysis after cracking in a UPPC beam can be treated in a similar way as a bonded partially prestressed beam. The strains and stresses of the components can be worked out by considering the section as an equivalent reinforced concrete section subjected to an eccentric compression force. 6 Under the effective prestressing force P 0 alone, the UPPC beam is compressed. The fictitious scenario of decompression of the concrete, at which there is zero concrete strain through the entire depth, can be achieved by pulling the prestressed steel with a pair of fictitious forces F shown in Fig. 9(a) and given by
where Ù is the bond reduction coefficient in Table 1 , e is the eccentricity of prestressed steel with respect to the centroid of the transformed section, and A 0 and I 0 are the area and moment of inertia of the transformed section respectively. Note that the second term is the extra amount over the effective prestressing force P 0 to decompress the concrete. The effect of this fictitious decompression can be cancelled by applying an equal and opposite force F as shown in Fig. 9(b) . This force, together with the applied moment M due to dead and imposed loads, can be represented by a resultant force R ¼ F applied at a distance e 0 ¼ M=R above the centroid of the prestressed steel. Taking a T-section as an example, the compression carried by the flange outside the web C 1 and that by the web C 2 and their corresponding distances h 1 and h 2 from the top fibre are given by equations (10) to (13) . The increases in tension in prestressed steel˜T p and the tension in non-prestressed steel T s can be written similarly in terms of the concrete stress in the top fibre f c as˜T
From force equilibrium, the resultant force R can be written as
The concrete stress in the top fibre f c can thus be obtained as
Taking moment about the resultant force R results in a cubic equation for neutral axis depth c, that is 
where the coefficients are given as
To demonstrate the validity of the proposed design method, the computed results are compared with available experimental results. Fig. 10 shows the relationship between the total applied load and the increase in tendon stress˜f p for beams A-1, A-2 and A-3 in the experiments of Du and Tao. 2 As before, the curves are staggered horizontally for clarity. Good agreement between the calculated and experimental results is observed.
In the study by Harajli and Kanj, 5 a total of 26 simply supported beam specimens with rectangular cross-section were tested. The main input parameters included three different amounts of prestressed steel, two different ratios of amounts of non-prestressed to prestressed steel, and three different member spandepth ratios. For each set of input parameters, one beam was tested under a central-point load, while another was tested under third-point loading. Fig. 11 shows the relationship between the applied mid-span bending moment and the increase in tendon stress˜f p for four specimens, in which PP3R3-0 and PP2R3-0 were under central-point load, while PP3R-3 and PP2R3-3 were under third-point loading. It can be seen that the proposed method gives satisfactory predictions of service stresses for different loading types.
Conclusions
This paper has extended the capability of Pannell's coefficient º, which is the ratio of length of equivalent deformation region L e to the neutral axis depth c at critical section, to the cracked section analysis of unbonded partially prestressed concrete members under service load. The variations of tendon stress and the coefficient º under service load have been studied by numerical analysis. The following conclusions have been drawn.
(a) Numerical analysis indicates that under service load, all else being equal, the span-depth ratio has no significant effect on the increase in tendon Fig. 11 . Relationship between applied moment and increase in tendon stress for beams from Reference 5 stress˜f p . The average value º av of the coefficient º is almost proportional to the span-depth ratio of a member. (b) Significantly lower values of˜f p and º av are predicted for the beams subjected to central-point load, as opposed to similar beams subjected to third-point loading or uniform loading. On the other hand, the values of˜f p and º av for thirdpoint loading are close to those for uniform loading. (c) Under service load, º is not sensitive to the variation of the combined reinforcement index q 0 . After cracking of the beam and until the yielding of nonprestressed steel, the value of º is fairly stable. (d) In practical stress analysis of cracked sections of unbonded partially prestressed concrete beams, º can be approximated by equation (23). (e) A method has been proposed for the calculation of stresses in concrete, prestressed steel and nonprestressed steel in unbonded partially prestressed beams after cracking, permitting a more satisfactory assessment of serviceability.
